A general formula for the entropy of stationary black holes in Lovelock gravity theories is obtained by integrating the first law of black hole mechanics, which is derived by Hamiltonian methods. The entropy is not simply one quarter of the surface area of the horizon, but also includes a sum of intrinsic curvature invariants integrated over a cross section of the horizon.
The study of black hole thermodynamics is motivated primarily by the hope of learning something about the nature of quantum gravity. Probing the limits of validity of the four laws of black hole thermodynamics [1] may provide one source of insight in this context. For instance, one would like to know to what extent these laws are valid when the back-reaction of quantum field energy is taken into account. Back-reaction leads to the consideration of higher curvature interactions, which arise from quantum field renormalization [2] . This observation motivates the investigation of black hole thermodynamics in higher-curvature theories of gravity. Another motivation comes from string theory, where the low energy effective field theory of gravity contains higher-curvature terms [3] .
In this letter, we focus on a special class of higher-curvature theories, called Lovelock gravity [4] . These theories are the most general second-order gravity theories in higher di- 
and L 0 = √ −g [5] , and in the sum, [D/2] indicates the integer part of D/2. The δ symbol is a totally antisymmetric product of 2m Kronecker deltas, normalized to take values 0 and ±1. Note L 1 = √ −gR by itself yields the Einstein Lagrangian. In general, L m is the Euler class for a 2m-dimensional manifold. Because of the antisymmetrization, no derivative appears at higher than second order in the equations of motion. Static, spherically symmetric black hole solutions have been found for Lovelock gravity [6, 7] , and given these solutions, one can examine to what extent the laws of black hole thermodynamics apply [8] .
Using the Euclidean approach [9] , it is clear many of the essential features survive. Given a specific stationary solution, a Euclidean section is obtained by analytic continuation.
Regularity of this section requires identifying the Killing time coordinate with a period β = 2π/κ. This section is regarded as a background in a periodic Euclidean path integral, which is interpreted as giving a thermodynamic partition function Z with inverse temperature, β.
In a semi-classical approximation, the Euclidean action I(β, J, · · ·), regarded as a function of β and the extensive parameters (such as the angular momentum, J), is identified with − ln Z. One defines the internal energy and entropy as
which then automatically satisfy the first law
This result reproduces the first law of black hole mechanics if U = M, the black hole mass, and (T ∂I/∂J) = Ω, the angular velocity of the horizon. The latter relations appear to hold in the present context (i.e., higher curvatures and/or higher dimensions), and it may be possible to prove them by extending the methods of Ref. [10] . One might expect that S coincides with one quarter the surface area of the horizon [11] as in Einstein gravity, but this identity fails in Lovelock gravity [7, 8] , and other higher curvature theories [12] .
As described above, the Euclidean approach is applied to investigate known stationary solutions. While this yields S as a function of the solution's parameters, it provides no guidance as to any geometric significance of the black hole entropy. It also fails to provide a definition for S that generalizes to an arbitrary, time-dependent horizon, without which it is difficult to see how to even address the question of whether a classical second law is obeyed in "nonequilibrium" processes. However, it is also possible to work with the Euclidean approach without specific solutions in mind [13, 10] . (Indeed, this has recently been done for static metrics in Lovelock gravity with only c 1 and c 2 non-vanishing [14] .) When applied in this more general fashion, it should be possible to avoid the abovementioned drawbacks of the Euclidean approach.
Our alternate approach is to find the variation δS of the entropy by deriving a general form of the first law of black hole mechanics following the Hamiltonian method introduced by Sudarsky and Wald [15] . A priori, there is no guarantee that the resulting δS is the variation of a functional of the intrinsic geometry of the horizon, however, one finds that it is for Lovelock gravity. In fact, the entropy is given by an integral over a cross section of the horizon, of an integrand which is similar in form to the Lagrangian itself.
The method of Ref. [15] applies to Killing horizons. A Killing horizon is a null hypersurface whose null generators are tangent to a Killing field. In four-dimensional Einstein gravity, Hawking proved that a stationary black hole event horizon must be a Killing horizon [16] . This proof can not obviously be generalized to Lovelock gravity, but the result is certainly true for all the known solutions (which, however, are all static).
If χ a is the Killing field which is null on the horizon, the surface gravity κ can be
If one assumes (as we will)
that the null generators of the horizon can be extended to the past as complete geodesics, three important properties follow: (i) κ is constant over the entire horizon [17] .
(ii) There exists a (D-2)-dimensional spacelike cross-section B of the horizon on which χ a vanishes [17] . B is called the bifurcation surface. (iii) The extrinsic curvature of B vanishes [18] .
A further property of Killing horizons that is important for our purposes is that any two spacelike slices of the horizon are isometric.
Let ξ a be the Killing field that is asymptotically a pure time translation. Then by suitably rescaling χ a , one is able to reduce the Killing field χ a − ξ a to a rotation. In generating rotations in totally orthogonal planes [19] , and so one has
.
Next, we briefly present the Hamiltonian description of Lovelock gravity [20] , which will be necessary in the following derivation of the first law. As usual after splitting space and time, the dynamical variables on a spatial surface Σ are the spatial metric h ab , and its conjugate momentum π ab [5] . In the present case, π ab is a complicated function of both the extrinsic and intrinsic curvatures of Σ [20] . The normal and spatial components of the time flow vector field t a , the lapse N and shift N a , are arbitrary Lagrange multipliers in the Hamiltonian. For asymptotically flat space, the Hamiltonian has two parts H = H V + H S .
The volume term H V is a combination of constraints H ⊥ and H a ,
and hence vanishes when evaluated for solutions of the field equations. H a is the generator of spatial diffeomorphisms in Σ, and so, as in Einstein gravity, 
where R ab cd is the full D-dimensional curvature tensor. Since R ab cd is projected into Σ, it can be replaced byR
HereR ab cd is the curvature of h ab , and K ab is the extrinsic curvature of Σ, which is regarded as a function of h ab and π ab [21] . Theδ symbol is the antisymmetric product of projected Kronecker deltas,δ a c = δ a c + n a n c where n a is the unit normal to Σ.
The Hamiltonian also has an asymptotic boundary term, just as in Einstein gravity [22] , , a rotational Killing field, then H S = −J (α) , the associated angular momentum.
The derivation of the first law comes from a judicious evaluation of the Hamiltonian [15] .
Let h ab and π ab describe a stationary black hole solution, and choose the "time" flow field to be the Killing field that is null on the horizon,
. Evaluate H on a space-like slice Σ that extends from asymptotic infinity to the horizon, intersecting the horizon at the bifurcation surface, B. With these choices one has
(δh ab , δπ ab ) be a perturbation of the initial solution to any nearby solution-not necessarily stationary. With t a and Σ fixed, one has
On the other hand, one has Hamilton's equations
The volume term vanishes because the flow is along a Killing field,
Integration by parts is needed to produce these volume terms. The surface terms at asymptotic infinity are cancelled by the variation δH S , but one is left with surface terms, denoted δH B , at the inner boundary of Σ. 
where v c is the unit normal to the bifurcation surface B, pointing into Σ, andh is the determinant ofh ab , the induced metric on B. 
Extracting the temperature, κ/2π, the contribution δS Collecting all of the contributions to the entropy, our final result is the first law of black hole mechanics in Lovelock gravity, δM − Ω (α) δJ (α) = (κ/2π)δS where
Our derivation of the first law relied heavily on the fact that the variation of the entropy is evaluated on the bifurcation surface B. Nevertheless, the integrated expression (4) The present derivation is easily extended to include Maxwell or Yang-Mills fields [15] .
In the case of charged black holes, the first law becomes
where Φ is the potential difference between the horizon and infinity, and S is still given by Eq. (4). Again, Eq.'s (4) and (2) yield the identical results when applied to the known charged black hole solutions [7] .
Our results extend the framework of black hole thermodynamics in a natural way to The second law for quasi-stationary processes follows from the first law, provided the quantity δM − Ω (α) δJ (α) is positive. This is the case for fluxes of positive energy matter [23] .
To control the sign for fluxes including gravitational energy would require a positive energy theorem for Lovelock gravity, which has not been established. [24] (Negative energy states would probably make the theory unstable however, in which case a failure of the second law would be of less significance.) Alternatively, the second law in Einstein gravity can be derived from Hawking's area theorem [16] which shows that, even in non-quasi-stationary processes, the area (and therefore the entropy) will never decrease provided the Ricci tensor (or, using Einstein's equation, the matter energy tensor) obeys the null energy condition.
In Lovelock gravity the expression (4) for the entropy is at least meaningful on a slice of a time-dependent horizon, so one might hope to prove a non-equilibrium second law by similarly following the evolution of the horizon. This remains an interesting problem for future work. In this connection curiously, note that with c D/2 > 0 the topological term in Eq. (4) could lead to violations of the second law when two black holes coalesce, even in four dimensions.
When quantum fields are included, negative energy can be transferred to the black hole, as in Hawking evaporation [25] or "mining" [26] processes. The interesting question is then whether the generalized second law (GSL) (δ(S BH + S outside ) ≥ 0) holds. Validity of the classical second law for S BH alone would seem to be a prerequisite for validity of the GSL. Provided Lovelock gravity turns out to satisfy the classical second law, it seems to be on the same footing with Einstein gravity as far as the GSL is concerned. For instance, Zurek's argument [27] that entropy increases during Hawking evaporation uses only the first law, and not the form of the black hole entropy, so it will carry over to Lovelock gravity.
More general arguments [28] , to the extent that they are valid, also seem to carry over.
However, even if valid, these arguments apply only to quasi-stationary processes, so the validity of the GSL remains an important open problem.
Finally, Lovelock gravity is only a very special case of possible generally covariant gravity theories. The fact that the entropy is not one quarter the surface area, is already known in many other examples of theories with higher curvature interactions [12] . If one derives a first law via the method of Sudarsky and Wald as we have done here, the variation of the entropy will again be given as an integral over the bifurcation surface of the horizon.
However, this expression will not in general depend only on the intrinsic geometry of the horizon, and it is not even clear that it will be the variation of some quantity defined locally at the horizon (although, from the Euclidean approach, Ref. [14] argues that the entropy is always a quantity defined locally at the horizon). In fact, the particular properties of Lovelock gravity played a crucial role in our calculations establishing the local and intrinsic nature of the entropy. Whichever way it turns out in general higher curvature theories, one of the authors of this paper will enjoy a free dinner at a restaurant of his choice.
